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Let us consider the problem whether there does exist a ﬁnite-time self-similar solution of
the backward type to the semilinear Keller–Segel system. In the case of parabolic–elliptic
type for n 3 we show that there is no such a solution with a ﬁnite mass in the scaling
invariant class. On the other hand, in the case of parabolic–parabolic type for n 2, non-
existence of ﬁnite-time self-similar solutions is proved in a larger class of a ﬁnite mass
with some local bounds.
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1. Introduction
Let us consider the following Keller–Segel system⎧⎪⎨
⎪⎩
∂u
∂t − u + ∇ · (u∇v) = 0 in Rn × (0,∞),
τ ∂v
∂t − v − u = 0 in Rn × (0,∞),
u(x,0) = u0(x), τ v(x,0) = τ v0(x) in Rn,
(KS)
where u = u(x, t) and v = v(x, t) denote the unknown density of amoebae and the unknown concentration of chemical
attractant, respectively, while u0 and v0 denote the given initial data. The constant τ takes the values 0 and 1, which we
call the parabolic–elliptic and the parabolic–parabolic types, respectively.
The purpose of this paper is to investigate the relation between blow-up and ﬁnite-time self-similar solutions of the
backward type to (KS). Let us ﬁrst consider the parabolic–elliptic type, i.e., the case when τ = 0. In the recent paper [5],
it is shown that for every small initial data u0 in Ln/2(Rn) there exists a unique strong solution {u, v} of (KS) on (0,∞).
For large initial data, we have a local existence of solutions in a short time interval (0, T ). More precisely, if u0 ∈ Lq(Rn) for
n/2 < q ∞, then the time interval T can be characterized as T = C/‖u0‖
n
2 (
2
n − 1q )
Lq with a constant C = C(n,q) depending
only on n and q. It seems an interesting question whether the solution {u(t), v(t)} can be continued beyond T , or blows up
in a ﬁnite time. By the characterization of the local existence time in terms of the initial data u0 in Lq(Rn), it is possible to
prove that if u satisﬁes
u ∈ Ls(0, T ; Lq(Rn)) for 2/s + n/q = 2 with n/2< q∞, (1.2)
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class (1.2) is closely related to the scaling invariant space associated with (KS). Indeed, we see that if {u, v} is a solu-
tion of (KS), so is {uλ, vλ} for all λ > 0, where uλ(x, t) ≡ λ2u(λx, λ2t), vλ(x, t) ≡ v(λx, λ2t). The space Ls(0,∞; Lq(Rn)) ×
Lα(0,∞; Lr(Rn)) is called scaling invariant associated with (KS) if it holds
‖uλ‖Ls(0,∞;Lq(Rn)) = ‖u‖Ls(0,∞;Lq(Rn)), ‖vλ‖Lα(0,∞;Lr(Rn)) = ‖v‖Lα(0,∞;Lr(Rn))
for all λ, which gives the necessary and suﬃcient condition on s,q,α, r that
2/s + n/q = 2, 2/α + n/r = 0.
In comparison with the case 2/n < q ∞ as in (1.2), the exponent q = n/2 exhibits a marginal case, which proposes us to
consider whether the class u ∈ L∞(0, T ; Ln/2(Rn)) may yield a blow-up phenomena at t = T , or an extension beyond T . To
give an answer to such a question, it is useful to construct a ﬁnite-time self-similar solution {u, v} having the form
u(x, t) = 1
T − tΦ
(
x√
T − t
)
, v(x, t) = Ψ
(
x√
T − t
)
, (1.3)
where {Φ,Ψ } is a solution of the following system of elliptic equations{
−Φ + Φ + 12 x · ∇Φ + ∇ · (Φ∇Ψ ) = 0 in Rn,
−Ψ + τ 12 x · ∇Ψ − Φ = 0 in Rn.
(KS′)
A non-trivial solution {Φ,Ψ } of (KS′) gives a solution {u, v} of (KS) which blows up at t = T . Concerning (KS′) for n  3,
Herrero, Medina and Velázquez [3] constructed a radially non-trivial solution with a certain asymptotic behavior as |x| → 0
near the blow-up time. However, their solution does not seem to satisfy the scaling property in such a class as in (1.2).
Senba [9] investigated (KS) with τ = 0 mainly in bounded domains and gave also a non-trivial radial solution of (KS′) with
a locally ﬁnite mass, i.e., Φ ∈ L1loc(Rn). On the other hand, Naito and Suzuki [7] treated the case n = 2 and proved a certain
non-existence of solutions to (KS′).
In this paper, we also mainly deal with the case n 3, and show that if Φ ∈ L1(Rn) ∩ Ln/2(Rn) with Φ  0 solves (KS′),
then it holds that Φ = Ψ ≡ 0. Notice that ‖u(t)‖
L
n
2
= ‖Φ‖
L
n
2
for all 0 t < T , which states that the class L∞(0, T ; L n2 (Rn))
cannot give any ﬁnite-time self-similar solution of the backward type blowing up at t = T . As for the parabolic–parabolic
type, we show that Φ ∈ Ln/2(Rn) with ∇Ψ ∈ L
n
n−2
loc (R
n) for n 3 and ∇Ψ ∈ L∞loc(R2) for n = 2 yields the only trivial solution
of (KS′) for τ = 1. Our result may cover not only classical solutions but also weak solutions. Similar results were obtained
in the equations for the incompressible ﬂuid motions. Concerning the Navier–Stokes equations, such a question as existence
or non-existence of ﬁnite-time self-similar solutions of the backward type was originally proposed by Leray [4]. The corre-
sponding scaling invariant space to (1.2) of the Navier–Stokes equations is Ls(0, T ; Lq(Rn)) for 2/s+n/q = 1 with n < q∞,
and hence the marginal class is L∞(0, T ; Ln(Rn)) with q = n. After 70 years of Leray’s proposal, Necˇas, Ružicˇka and Šverák
[8] gave an answer in R3 that the space L∞(0, T ; L3(R3)) yields the only trivial self-similar proﬁle Φ ∈ L2(R3) ∩ L3(R3) of
the backward type. It should be noted that the spaces L2(R3) and L3(R3) are related to ﬁniteness of the kinematic energy of
the ﬂuid motion and the scaling invariant space of the equations, respectively, which corresponds to ﬁniteness of the total
mass in L1(Rn) and the scaling invariance in Ln/2(Rn) for (KS). Later on, Tsai [11] relaxed the hypothesis of non-existence on
the asymptotic decay properties of backward self-similar solutions. Recently, Chae [2] and the third author [10] established
a systematic treatment which removes blow-up solutions of the backward self-similar type to the Euler equations of the
ideal ﬂuid motion.
Let us ﬁrst deal with the parabolic–elliptic type of (KS′), i.e. the case when τ = 0. To deﬁne a weak solution, we may
reduce the original system to the single equation for Φ . Indeed, the unknown Ψ has such an expression as
Ψ (x) =
∫
Rn
Γ (x− y)Φ(y)dy, Γ (x) = 1
(n − 2)ωn |x|
2−n,
where ωn is the volume of the unit sphere in Rn . Since ∂∂ yi Γ (y − x) = ∂∂xi Γ (x− y), i = 1, . . . ,n, we have by integration by
parts that∫
Rn
∇ · (Φ∇Ψ )(x)ϕ(x)dx = −
∫
Rn
(Φ∇Ψ )(x)∇ϕ(x)dx
= −
∫ ∫
Rn×Rn
∇xΓ (x− y)Φ(x)Φ(y)∇ϕ(x)dxdy
= −1
2
∫ ∫
Rn×Rn
∇xΓ (x− y)Φ(x)Φ(y)
(∇ϕ(x) − ∇ϕ(y))dxdy
for all ϕ ∈ C∞(Rn).0
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Deﬁnition 1 (Parabolic–elliptic type). Let n  3 and let τ = 0. A measurable function Φ on Rn is called a weak solution
of (KS′) if
(i) Φ ∈ L1(Rn) ∩ L n2 (Rn) and Φ  0 almost everywhere in Rn;
(ii) It holds that∫
Rn
Φ
(
−ϕ + ϕ − 1
2
∇ · (xϕ)
)
dx− 1
2
∫ ∫
Rn×Rn
∇xΓ (x− y)Φ(x)Φ(y)
(∇ϕ(x) − ∇ϕ(y))dxdy = 0 (1.4)
for all ϕ ∈ C∞0 (Rn).
For Φ ∈ L1(Rn) ∩ L n2 (Rn) and ϕ ∈ C∞0 (Rn), the double integral on the left hand side of (1.4) is well deﬁned. Indeed, we
have
Proposition 1. Let n 2 and let 0< s n. For f ∈ L1(Rn) ∩ L ns (Rn), it holds that∣∣∣∣
∫ ∫
Rn×Rn
f (x) f (y)
|x− y|n−s dxdy
∣∣∣∣ C‖ f ‖L1‖ f ‖L ns ,
where C = C(n, s).
For the proof, see Appendix A.
We next consider the parabolic–parabolic type of (KS′), i.e., the case when τ = 1. Compared with the parabolic–elliptic
type, we may relax the restriction on the spacial decay of {Φ,Ψ } as |x| → ∞.
Deﬁnition 2 (Parabolic–parabolic type). Let n  2 and let τ = 1. We call {Φ,Ψ } a pair of weak solutions of (KS′) if the
following three conditions (i), (ii) and (iii) are satisﬁed.
(i) Φ is a non-negative function in L1loc(R
n) such that∫
Rn
Φ(x)
(
1+ |x|)−m dx< ∞ for some integerm;
(ii) Ψ ∈ S ′(Rn) with ∇Ψ ∈ L∞loc(Rn), where S ′(Rn) is the set of all tempered distributions in Rn;
(iii) It holds that∫
Rn
Φ
(
−ϕ + ϕ − 1
2
∇ · (xϕ)
)
dx−
∫
Rn
Φ(∇Ψ · ∇ϕ)dx = 0, (1.5)
−
〈
Ψ,ψ + 1
2
∇ · (xψ)
〉
−
∫
Rn
Φψ dx = 0 (1.6)
for all ϕ ∈ C∞0 (Rn) and all ψ ∈ S(Rn), where S(Rn) is the set of all rapidly decreasing functions in Rn with 〈·,·〉
denoting the duality pairing between S ′(Rn) and S(Rn).
Remark. We may deal with another class of weak solutions {Φ,Ψ } of (KS′). For instance, similarly to Deﬁnition 1, we may
treat Φ ∈ L n2 (Rn) or Φ ∈ L1(Rn) ∩ L
n
2
loc(R
n), and Ψ ∈ S ′(Rn) with ∇Ψ ∈ L
n
n−2
loc (R
n).
Our result now reads:
Theorem 1.
(1) (Parabolic–elliptic type) Let n  3 and let τ = 0. Suppose that Φ is a weak solution of (KS′) in Deﬁnition 1. Then it holds that
Φ ≡ 0 in Rn.
(2) (Parabolic–parabolic type) Let n 2 and let τ = 1. Suppose that {Φ,Ψ } is a pair of weak solutions of (KS′) in Deﬁnition 2. Then
it holds that Φ ≡ 0 in Rn.
H. Kozono et al. / J. Math. Anal. Appl. 365 (2010) 60–66 63Remarks. (i) From a viewpoint of scaling invariance, the class Φ ∈ L n2 (Rn) is reasonable to deal with the self-similar solu-
tions. On the other hand, the space L1(Rn) consists of requirement of boundedness of the total mass. Hence, Theorem 1(1)
states that both scaling invariance and ﬁnite mass exclude the existence of blow-up solutions of the backward self-similar
type to the parabolic–elliptic type.
(ii) There are several possibilities to treat the class of weak solutions to (KS′) of the parabolic–parabolic type. For instance,
Theorem 1(2) with Remark after Deﬁnition 2 states that the scaling invariant class for Φ in L
n
2 (Rn) with the local regularity
such as ∇Ψ in L
n
n−2
loc (R
n) removes backward self-similar solutions.
(iii) For n = 2, Naito and Suzuki [7, Theorem 9] proved non-existence of strong solutions {Φ,Ψ } of (KS′) in the class
Φ ∈ L1(R2) and ∇Ψ (x) = o(|x|) as |x| → ∞ for the case τ = 0. As for the case τ = 1, they imposed the latter hypothesis
only on Ψ . Notice that Theorem 1(ii) for n = 2 covers their result. The radially symmetric case was also discussed in
[7, Theorem 8].
2. Proof of Theorem 1
Our proof is based on the integral identity and the classical rescaling argument of suitable test functions φ and ψ in
Deﬁnitions 1 and 2. For instance, we refer to Mitidieri and Pohozaev [6].
(1) Let us ﬁrst introduce the cut-off function η ∈ C∞0 ([0,∞)) such that η(r) = 1 for 0  r  1, η(r) = 0 for r  2 with
0 η(r) 1 for all r ∈ [0,∞). For R > 0, choose the test function ϕ ∈ C∞0 (Rn) in (1.4) as
ϕ(x) = η
( |x|2
R
)
.
Since
∇ϕ(x) = 2
R
η′
( |x|2
R
)
x, ∇ · (xϕ(x))= nη( |x|2
R
)
+ 2
R
η′
( |x|2
R
)
|x|2,
ϕ(x) = 4
R2
η′′
( |x|2
R
)
|x|2 + 2n
R
η′
( |x|2
R
)
,
we have by (1.4) that
0 = − 4
R2
∫
Rn
Φ(x)|x|2η′′
( |x|2
R
)
dx− 1
R
∫
Rn
Φ(x)
(
2n + |x|2)η′( |x|2
R
)
dx+
(
1− n
2
)∫
Rn
Φ(x)η
( |x|2
R
)
dx
− 1
R
∫ ∫
Rn×Rn
∇xΓ (x− y)Φ(x)Φ(y)
{
xη′
( |x|2
R
)
− yη′
( |y|2
R
)}
dxdy
≡ I1 + I2 + I3 + I4. (2.1)
Since suppη′′( |x|
2
R ) and suppη
′( |x|
2
R ) are contained in the annular region DR ≡ {x ∈ Rn;
√
R  |x| √2R} and since Φ ∈
L1(Rn), we have
|I1| 4
R2
∫
DR
Φ(x)2R
∣∣∣∣η′′
( |x|2
R
)∣∣∣∣dx 8R supr>0
∣∣η′′(r)∣∣ ∫
DR
Φ(x)dx → 0, (2.2)
|I2| 1
R
∫
DR
Φ(x)(2n + 2R)
∣∣∣∣η′
( |x|2
R
)∣∣∣∣dx 2
(
n
R
+ 1
)
sup
r>0
∣∣η′(r)∣∣ ∫
DR
Φ(x)dx → 0 (2.3)
as R → ∞. Since for every x ∈Rn , η( |x|2R ) → 1 as R → ∞, it holds that
I3 →
(
1− n
2
)∫
Rn
Φ(x)dx as R → ∞. (2.4)
Since ∇xΓ (x− y) = − 1ωn
x−y
|x−y|n and since the identity
(x− y) ·
{
xη′
( |x|2
R
)
− yη′
( |y|2
R
)}
= 1 |x− y|2
{
η′
( |x|2)+ η′( |y|2)}+ 1 (|x|2 − |y|2){η′( |x|2)− η′( |y|2)}2 R R 2 R R
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I4 = 1
2ωnR
∫ ∫
R×Rn
Φ(x)Φ(y)
|x− y|n−2
{
η′
( |x|2
R
)
+ η′
( |y|2
R
)}
dxdy
+ 1
2ωnR
∫ ∫
R×Rn
Φ(x)Φ(y)
|x− y|n
(|x|2 − |y|2){η′( |x|2
R
)
− η′
( |y|2
R
)}
dxdy
≡ I(1)4 + I(2)4 .
By Proposition 1, it holds that∣∣I(1)4 ∣∣ 1ωnR supr>0
∣∣η′(r)∣∣ ∫ ∫
R×Rn
Φ(x)Φ(y)
|x− y|n−2 dxdy 
C
R
sup
r>0
∣∣η′(r)∣∣‖Φ‖L1‖Φ‖L n2 → 0 (2.5)
as R → ∞. Since
η′
( |x|2
R
)
− η′
( |y|2
R
)
=
1∫
0
d
dθ
η′
( |θx+ (1− θ)y|2
R
)
dθ
= 2
R
(x− y) ·
1∫
0
(
θx+ (1− θ)y)η′′( |θx+ (1− θ)y|2
R
)
dθ,
and since ||x|2 − |y|2| (|x| + |y|)|x− y|, we have by Fubini’s theorem that
∣∣I(2)4 ∣∣ 1ωnR2
1∫
0
∫ ∫
R×Rn
Φ(x)Φ(y)
|x− y|n−2
(|x| + |y|)∣∣θx+ (1− θ)y∣∣∣∣∣∣η′′
( |θx+ (1− θ)y|2
R
)∣∣∣∣dxdy dθ

√
2
ωnR
3
2
sup
r>0
∣∣η′′(r)∣∣
1∫
0
∫ ∫
√
R|θx+(1−θ)y|√2R
Φ(x)Φ(y)
|x− y|n−2
(|x| + |y|)dxdy dθ.
For x, y ∈Rn and 0 θ  1 with √R  |θx+ (1− θ)y|√2R , it holds
|x| + |y| = ∣∣θx+ (1− θ)y + (1− θ)(x− y)∣∣+ ∣∣θx+ (1− θ)y + θ(y − x)∣∣
 2
∣∣θx+ (1− θ)y∣∣+ (1− θ)|x− y| + θ |y − x|
 2
√
2R + |x− y|,
and hence we obtain from Proposition 1 that
∣∣I(2)4 ∣∣ 
√
2
ωnR
3
2
sup
r>0
∣∣η′′(r)∣∣ ∫ ∫
Rn×Rn
Φ(x)Φ(y)
|x− y|n−2
(
2
√
2R + |x− y|)dxdy
 4
ωn
sup
r>0
∣∣η′′(r)∣∣( 1
R
∫ ∫
Rn×Rn
Φ(x)Φ(y)
|x− y|n−2 dxdy +
1
R
3
2
∫ ∫
Rn×Rn
Φ(x)Φ(y)
|x− y|n−3 dxdy
)
 C sup
r>0
∣∣η′′(r)∣∣( 1
R
‖Φ‖L1‖Φ‖L n2 +
1
R
3
2
‖Φ‖L1‖Φ‖L n3
)
→ 0,
which yields by virtue of (2.5) that
I4 → 0 as R → ∞. (2.6)
Now, letting R → ∞ in (2.1), we have by (2.2)–(2.6) that(
1− n
2
)∫
Rn
Φ(x)dx = 0.
Since n 3 and since Φ is a non-negative function, we conclude that Φ(x) ≡ 0 in Rn .
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ψ(x) = e− |x|
2
4 .
Since ψ satisﬁes that
ψ + 1
2
∇ · (xψ) = 0,
it follows from (1.6) that∫
Rn
Φ(x)e−
|x|2
4 dx = 0.
Since Φ non-negative, we conclude that Φ(x) ≡ 0 in Rn . This completes the proof of Theorem 1.
3. Concluding remark
For the parabolic–elliptic case τ = 0, we have proved non-existence of weak solutions Φ in L1(Rn) ∩ L n2 (Rn). We may
regard our result as a Liouville type theorem on the semilinear elliptic equations. From a viewpoint of uniqueness assertion
like Liouville’s theorem, it seems to be an interesting question whether we may remove the hypothesis Φ ∈ L1(Rn). It might
be reasonable to discuss non-existence of solutions only within the scaling invariant class, i.e., Φ ∈ L n2 (Rn). However, it is
not obvious to gain any interior regularity of weak solutions of (KS′) in L n2 (Rn). Note that Naito and Suzuki [7] and Senba [9]
had treated smooth solutions. Conversely, we treated weak solutions whose interior regularity is a delicate problem. Hence,
we should next consider whether there does exist a smooth solution Φ of (KS′) with Φ ∈ L n2 (Rn). On the other hand, it is
natural to deal with the solution Φ with a total ﬁnite mass Φ ∈ L1(Rn) since the original system (KS) yields necessarily the
mass conservation law. In a forthcoming paper, we shall discuss the inﬂuence of local regularity and asymptotic behavior at
inﬁnity upon non-existence of solutions of (KS′).
Concerning the parabolic–parabolic type τ = 1, there are several classes to handle the couple {Φ,Ψ } of solutions. In
comparison with the parabolic–elliptic type, we need to assume neither L1-summability in Rn nor decay property at inﬁnity.
It seems an interesting question whether we might relax the restriction of behavior of Φ to the hypothesis such as Widder’s
theorem that limsup|x|→∞ Φ(x)e−α|x|
2
< ∞ for some α > 0.
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Appendix A. Proof of Proposition 1
In the case s = n, the estimate is so trivial that we may assume that 0 < s < n. Let us take p so that 1 < p < n/s. We
deﬁne r by 1/r = 1/p′ + s/n, where 1/p + 1/p′ = 1. Then it holds that 1< r < n/s, and we have by the Hardy–Littlewood–
Sobolev inequality that∣∣∣∣
∫ ∫
Rn×Rn
f (x) f (y)
|x− y|n−s dxdy
∣∣∣∣=
∣∣∣∣
∫
Rn
f (x)
(∫
Rn
f (y)
|x− y|n−s dy
)
dx
∣∣∣∣
 ‖ f ‖Lp
∥∥|x|s−n ∗ f ∥∥Lp′
 C‖ f ‖Lp‖ f ‖Lr , (A.1)
where C = C(n, s). Since 1< p, r < n/s, the interpolation inequality yields that
‖ f ‖Lp  ‖ f ‖1−αL1 ‖ f ‖αL ns , ‖ f ‖Lr  ‖ f ‖
1−θ
L1
‖ f ‖θ
L
n
s
,
where α = (1− 1/p)(1− s/n)−1 and θ = (1/p − s/n)(1− s/n)−1. Since α + θ = 1, we have by (A.1) that∣∣∣∣
∫ ∫
Rn×Rn
f (x) f (y)
|x− y|n−s dxdy
∣∣∣∣ C‖ f ‖2−(α+θ)L1 ‖ f ‖α+θL ns = C‖ f ‖L1‖ f ‖L ns ,
which implies the desired estimate. This proves Proposition 1.
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